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Abstract
Active statistical models including active shape models
and active appearance models are very powerful for face
alignment. They are composed of two parts: the subspace
model(s) and the search process. While these two parts
are closely correlated, existing efforts treated them separately and had not considered how to optimize them overall. Another problem with the subspace model(s) is that the
two kinds of parameters of subspaces (the number of components and the constraints on the components) are also
treated separately. So they are not jointly optimized. To
tackle these two problems, an uniﬁed subspace optimization
method is proposed. This method is composed of two uniﬁcation aspects: (1) uniﬁcation of the statistical model and
the search process: the subspace models are optimized according to the search procedure; (2) uniﬁcation of the number of components and the constraints: the two kinds of parameters are modelled in an uniﬁed way, such that they can
be optimized jointly. Experimental results demonstrate that
our method can effectively ﬁnd the optimal subspace model
and signiﬁcantly improve the performance.

1. Introduction
Accurate alignment of faces is very important for extraction of good facial features for success of applications
such as face recognition, expression analysis and face animation. Active Shape Model (ASM) [6] and Active Appearance Model (AAM) [2, 9, 5] are two successful methods for
face alignment. As both ASM and AAM build statistical
models for objects to be extracted, they are called active
statistical models in this paper. ASM uses the local appearance model, which represents the local statistics around
each landmark to efﬁciently ﬁnd the target landmarks. And
the solution space is constrained by the properly trained
global shape model. AAM combines constraints on both
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the shape and texture. The result shape is extracted by minimizing the texture reconstruction error. According to the
different optimization criteria, ASM performs more accurately in shape localization while AAM gives a better match
to image texture. Active statistical models differ from other
non-statistical active models such as active contour model
(or snake) [13], deformable template [23] and Elastic Bunch
Graph [20], in that they do not utilize the statistical models.
Although ASM and AAM differ in their statistical models and their search process, their overall ideas are the
same: building a statistical model and using a search process to ﬁnd the objects. So active statistical models are
composed of two parts: the statistical model and the search
process. These two parts are treated separately in the original form. The statistical models are built without considering the search process while the search process is
performed using the statistical models without considering how they are built. However, we ﬁnd that these two
parts are closely correlated, and the performance of ASM
depends on both of them. Unfortunately, this relationship is often neglected by previous work. Most efforts
[22, 17, 14, 19, 21, 7, 1, 4, 12, 3] only attempted to improve the search process without considering the statistical
models. Other efforts [11, 8, 24, 18] attempted to optimize
the statistical model, but they did not consider the search
process. Because of neglecting the correlation, the dimensionalities of the subspaces in the statistical models are usually chosen to explain as high as 95%∼98% [6, 2, 5, 12, 3]
of the variations. The underlying assumption is that if the
subspace reconstruction errors are small, the overall error
will be small too. This underlying assumption was taken for
granted by previous works without any justiﬁcation. However, our analysis of subspace errors shows that this is incorrect. To minimize the overall error, we should not only
consider the subspace model, but also the search process.
Another problem is that the two kinds of parameters of
subspaces, i.e. the number of components and the constraints on the components, are also treated separately. Conventionally, the choice of dimension of the subspaces did
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not consider the constraints. On the other hand, the choice
of constraints did not consider the dimensionality of the
subspaces. With this kind of separation, the optimal subspace can hardly be found.
In this paper, we propose an uniﬁed subspace optimization method, which includes two uniﬁcation aspects: 1) optimize the statistical models according to the search process,
2) model the two kinds of subspace parameters in a uniﬁed
way such that we can optimize them jointly. The rest of the
paper is arranged as follows. An overview of active statistical models is described in Section 2. Section 3 discusses
the uniﬁcation of the subspace optimization problem. And
Section 4 gives the uniﬁed subspace optimization method.
Experimental results are provided in Section 5 before conclusions are drawn in Section 6.

2. Active Statistical Models
This section will give an overview of the two kinds of
active statistical models: ASM and AAM.

2.1. Active Shape Model
2.1.1 Statistical Shape Model
The statistical shape model is built on shapes represented
by landmarks. A planar (2-D) shape in the image domain
is described by N landmark points and represented by a
I
2N -dimensional vector: SI = ((xI1 , y1I ), . . . , (xIN , yN
)) ∈
2N
R . Shapes {SI } are aligned into those {S} in tangent
shape space with the Procrustes Analysis [10]. The statistical shape model is built by PCA analysis on {S}. Any
shape S is represented by
S = S̄ + Ps s

(1)

where S̄ is the mean tangent shape vector, Ps is the matrix
of the ﬁrst Ns principal orthogonal components of variation
in {S}, and s is a vector of shape parameters. Any shape in
the statistical shape subspace, denoted Ss ⊂ RNs , is represented as a vector s
s = PTs (S − S̄)

(2)

As the statistical shape model represents a subspace of tangent shape space by PCA analysis, it is often called the
shape subspace model.
2.1.2 Search Process
Starting from the mean shape, the search process is an iterative procedure comprising two steps: local appearance
model searching and statistical shape model projection.
Each time, it uses local appearance models to ﬁnd an intermediate shape. This intermediate shape is then projected

and constrained into the statistical shape model to get a valid
shape.

2.2. Active Appearance Model
2.2.1 Statistical Appearance Model
The statistical appearance model is composed of three subspaces: the shape, texture and appearance subspaces.
The shape subspace is built by the same way as ASM
in Section 2.1. After deforming each training shape SI to
the mean shape, the corresponding texture TI is warped
and normalized to Tm . Then all of them are aligned to the
tangent space {T} of the mean texture T̄m by using an iterative approach as described in [2]. The texture subspace
is also obtained by PCA analysis. Any texture T is represented by
(3)
T = T̄ + Pt t
where T̄ is the mean tangent shape vector, Pt is the matrix
consisting of Nt principal orthogonal components of variation in {T}, and t is a vector of texture parameters.
Since there may be correlations between the shape and
texture variations, the appearance subspace is built from Ss
and St . The appearance of each example is a concatenated
vector
 
Λs
(4)
a=
t
where Λ is a diagonal matrix of weights for the shape parameters allowing for the difference in units between the
shape and texture variation. Again, the appearance subspace is obtained by PCA analysis
A = Pa a

where Pa is the matrix consisting of Na principal orthogonal components of variation in {A}.
2.2.2 Search Process
The AAM search uses learned prediction matrices to ﬁnd
target appearances in images.
The search is guided by minimizing the difference δT
between the normalized texture Tm in the image patch and
the texture Ta reconstructed from the current appearance
parameters.
The AAM assumes that parameter displacements of the
appearance a, and the shape transformation v (translation,
scale and rotation) and the texture normalization u (scale
and offset) are linearly correlated to δT. It predicts the displacements as

−1
∂r T
∂r T ∂r
δp = −Rr(p), R =
(6)
∂p ∂p
∂p
where r(p) = δT, pT = (aT |vT |uT ).
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(5)

3. Uniﬁcation of Subspace Optimization

=

This section will unify the subspace optimization problem in two aspects: 1) unify the subspace model and the
search process; 2) unify the component selection and constraint. Subspace error analysis is ﬁrst presented. Then,
with this error analysis, we will show the reason of uniﬁcation. At last, the subspace optimization problem is formulated in a uniﬁed representation.

3.1. Subspace Error Analysis
Let F-S denote the full eigen-space, which could be the
shape space in ASM and AAM, the texture and appearance
space in AAM. Let S-S denote the corresponding subspace
model. Let x denote the target object in F-S, x denote the
projection and constraint of x in S-S, y denote the intermediate search result in F-S, and y denote the projection and
constraint of y in S-S. The relationship between them is
illustrated in Figure 1.

x
Reconstruction Error

x′

y′

x
Search Error

Figure 1. The relationship between subspace
error, search error and reconstruction error.
We deﬁne the following functions: projection and constraint function Pθi (xi ), reconstruction function Rθi (xi ),
and search function Sθi (xi , yi ).

sign(xi )θi |xi | > θi
Pθi (xi ) =
(7)
xi
|xi | ≤ θi
where θi is the constrain parameter for component i.

|xi − sign(xi )θi | |xi | > θi
Rθi (xi ) =
0
|xi | ≤ θi
Sθi (xi , yi ) = |Pθi (xi ) − Pθi (yi )|

(8)
(9)

The subspace error is the error between the target x and
the search result y , i.e.
Err(x) = ||x − y ||2 =

n

i=1

|xi − yi |2

IEEE

(|xi − yi | + |xi − xi |)2
(|Pθi (xi ) − Pθi (yi )| + Rθi (xi ))2

i=1

=

n


(Sθi (xi , yi ) + Rθi (xi ))2

(10)

i=1

It should be noted that |xi − yi | = |xi − yi | + |xi − xi |
because 1) if |xi | > θi , then xi = Pθi (xi ) = sign(xi )θi ,
and |y  | ≤ θi . So xi lies between yi and xi ; 2) if |xi | ≤ θi ,
then xi = Pθi (xi ) = xi .
From Equation (10) we can see that the subspace error
is composed of two factors:The ﬁrst is the distance between
xi and xi . As xi is the projection and constraint of xi in
S-S, we call this factor the reconstruction error. The second
is the distance between xi and yi . If the search process is
perfect, yi should equal to xi , for xi is the point with smallest distance in S-S from xi . This error exists just because
the search process is not perfect. So we call this factor the
search error.

As discussed in Section 1, there are two separation problems with active statistical models.
The ﬁrst is the separation of the statistical model and the
search process. However, in the light of the above error
analysis, the subspace error is not only decided by the reconstruction error, but also the search error. To optimize
the subspace, we should not only consider the subspace itself, but also the search process. This relationship lies in
the search process which use the statistical model to constrain the search result. As for ASM, the search process is
an iterative procedure of two steps: local appearance model
searching and statistical shape model projection. The projection uses the statistical shape model to ﬁnd a shape contained in it. So the statistical shape model is embedded in
the search process. As for AAM, the search process update
the appearance parameter a iteratively. However, a is constrained to lie in the appearance model. Because of this relationship, the statistical model will surely affect the search
process. Therefore the statistical model should be carefully
built according to the search process, and the search process
should be performed by carefully considering the statistical
model.
The second problem is the separation of two kinds of
parameters of the subspace. As shown in Section 2, the statistical models are PCA subspace models. Conventionally,
there are two kinds of parameters to control the subspaces:
(1) Number of principal components to retain. The usual
way is to choose so as to explain a given proportion α (e.g.
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i=1
n


3.2. Subspace Optimization Analysis

Full Space

Subspace

=

n


98%) of the variance exhibited in the training data. (2) Constraints on the principal components. If the distribution on
each principal component is Gaussian, then 2 or 3 times of
standard deviations are often chosen to explain 95.4% and
99.7 % of the distribution. Conventionally, they are treated
separately. The number of principal components is chosen
without considering the constraints (e.g. only according to
the variance or eigenvalues), and the constraints are chosen
without considering how many components are retained.

ters be denoted as
Θ = (θ1 , θ2 , . . . , θi , . . . , θn )

(11)

For any other parameters

we have

Θ = (θ1 , θ2 , . . . , θi , . . . , θn )

(12)

Err(x, Θ) ≤ Err(x, Θ )

(13)

By substitute Equation (10) to Equation (13), we have

3.3. Unifying Subspace Optimization
To circumvent the above two separation problems, we
propose an uniﬁed optimization method, which includes
two uniﬁcation aspects:
• Uniﬁcation of the statistical model and the search process. Conventionally, because of neglecting the relationship between the statistical model and the search
process, the number of components is usually chosen to be as high as 95%∼98%. This choice could
enable the statistical model to approximate any object. The underlying assumption behind this choice is
that if the statistical model can approximate any object
accurately (or the reconstruction error is small), then
the overall error will be small too. This underlying
assumption was taken for granted by previous works
without any justiﬁcation. However, by the analysis in
Section 3.2, the statistical model and the search process must be considered together. So we propose to
optimize the statistical model according to the performance of the search process.
• Uniﬁcation of the number of components and the constraints. The idea is that the constraints can be chosen as real number times of standard deviation, not
just 2 or 3. Under this idea, the retained components
are those with non-zero constraints, and the discarded
components are those with zero constraints. So the parameters that need to be optimized are the component
constraints: Θ = (θ1 , θ2 , . . . , θn ), where n is the full
space dimension. With this uniﬁed way, we can choose
and optimize them jointly.

4. Uniﬁed Subspace Optimization
To implement the uniﬁcation of subspace optimization,
two methods are proposed: independent optimization and
gradient descent optimization.

4.1. Independent Optimization
As the eigenvectors are independent, we can optimize
each of them separately. Let the optimal subspace parame-

(Sθi (xi , yi ) + Rθi (xi ))2 ≤ (Sθi (xi , yi ) + Rθi (xi ))2 (14)
For all the target shapes with all the search results, we will
have
E[(Sθi (xi , yi ) + Rθi (xi ))2 ] ≤ E[(Sθi (xi , yi ) + Rθi (xi ))2 ]
(15)
So we can choose θi according to this equation.

4.2. Gradient Descent Optimization
To optimize the subspace error in Equation (10), we can
also use general optimization method. In this paper, we use
the gradient-descent method. The subspace error is a function of the parameters
Err = Err(Θ) = Err(θ1 , θ2 , . . . , θt , . . . , θn )

As this function is not differentiable by Θ, we use the difference to approximate the differentials, i.e.
∂Err
Err
≈
∂θi
θi

IEEE

(17)

4.3. Optimizing Three Subspaces in AAM
The above methods only optimize the parameters of one
subspace. However, there are three subspaces in AAM, i.e.
the shape subspace Ss , the texture subspace St and the appearance subspace Sa . As the appearance subspace is constructed from the shape and texture spaces, we propose the
following method to optimize all the subspaces: (1) First,
use the above methods to ﬁnd the optimal subspaces for the
shape and texture. (2) Then, use the above methods to ﬁnd
the optimal appearance subspace constructed from the optimal subspaces of shape and texture.

5. EXPERIMENTS
The database used consists of 400 face images from the
FERET [16], AR [15] databases and other collections. 87
landmarks are labelled on each face. All faces are scaled
within 200 × 200 images. We randomly select 200 images
as the training and the other 200 images as the testing. Our
AAM implementation is based on AAM-API [18].
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5.1. Optimizing Subspaces

planations is too strict so that it can not ﬁt accurately to the
target.

For each training face image, we do 1 random initialization. We randomly displace the starting mean face with
random translation (tx , ty ) ∈ [−10, +10], random rotation
θ ∈ [−5◦ , +5◦ ] and random scaling s ∈ [0.95, 1.05]. The
constraints of the subspace models of ASM and AAM are
optimized with the number of components explaining 98%
of the total variance, for the rest components can be considered as noise. Both the independent and gradient descent
optimization methods are used. Table 1 shows the optimization results for ASM and AAM. As the constraints for more
than 10 components are very small, we only show the ﬁrst
10 constraints. The constraints in Table 1 is the times of
standard deviation. In the ﬁrst column, XXX-YY-Z stands
for the YY optimization of the Z subspace of XXX, where
XXX can be ASM and AAM, YY can be IO (Independent
Optimization) and GO (Gradient-descent Optimization), Z
can be S (shape subspace), T (Texture subspace) and A (Appearance subspace). In the ﬁrst row, Cn stands for the constraint on the nth principal component.
Table 1. Optimized constraints
Component
ASM-IO-S
ASM-GO-S
AAM-IO-S
AAM-GO-S
AAM-IO-T
AAM-GO-T
AAM-IO-A
AAM-GO-A

C1
2.5
2.8
2.7
2.8
2.8
2.9
2.9
2.8

C2
1.8
1.5
1.4
1.5
1.7
1.6
1.8
1.7

C3
1.3
1.3
1.3
1.2
1.4
1.3
1.5
1.4

C4
1.2
1.2
1.2
1.2
1.2
1.1
1.3
1.2

C5
1.1
1.2
1.0
0.9
1.0
1.0
1.2
1.2

C6
0.9
1.1
0.5
0.7
0.8
0.6
1.2
1.0

C7
0.5
0.6
0.2
0.3
0.5
0.4
0.8
0.9

C8
0.1
0.3
0.0
0.1
0.1
0.1
0.5
0.7

Table 2. Comparative performance of different subspaces
Model

ASM ASM ASM ASM AAM AAM AAM AAM
(98%) (IO) (GO) (PA) (98%) (IO) (GO) (PA)
Pt-Pt (Pixels) 3.88 2.54 2.42 3.23 3.92 2.63 2.57 3.30
Pt-Bd (Pixels) 2.25 1.61 1.56 1.93 2.31 1.74 1.63 1.98
Time (ms)
190 120 120 110 3370 640 630 410

(a) Independent Optimization

(b) Gradient Optimization

(c) PA subspaces

(d) 0.98 subspaces

C9 C10
0.0 0.0
0.1 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.1 0.0
0.3 0.1
0.2 0.0

5.2. Performance Comparison for Diﬀerent
Subspaces
For each testing face image, we also do 1 random initialization as above. The searching results are compared
with the labelled shapes in the test data. We use point-topoint (Pt-Pt) error and point-to-boundary (Pt-Bd) error as
the comparison measures. The point-to-point error is the
average pixel distance from the found points on the search
shape to the points of the labelled shape, and the point-toboundary error is the average pixel distance from the found
points to the associated boundary on the labelled shape. The
comparison results are shown in Table 2, where IO stands
for independent optimization, GO stands for gradient descent optimization and PA stands for parallel analysis [18].
One typical searching example of AAM is given in Figure
2. We can see that the model with the explanations of 0.98
is too ﬂexible so that it is easy to be stuck in local minimum(mouth and nose). However, the model with PA ex-

Figure 2. Result examples for AAM with different subspaces

6. Conclusion and Future Work
In this paper, we proposed an uniﬁed subspace optimization method to solve the two separation problems with active statistical models: (1) the separation of the statistical
model and the search process: these two parts are treated
separately although they are closely correlated; (2) the separation of two kinds of parameters of the subspace: the number of components and the constraints. These two kinds
of parameters are chosen separately although they both determine the subspace. This uniﬁed method is composed
of two uniﬁcation aspects: (1) uniﬁcation of the statistical
model and the search process: the subspace models are optimized according to the search procedure; (2) uniﬁcation
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of the number of components and the constraints: the two
kinds of parameters are modelled in an uniﬁed way, such
that they can be optimized jointly. The experimental results
show that the proposed method is very promising. Future
work includes applying this method to variations of ASM
and AAM, and to other subspace-based algorithms.
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